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Summary

For large-span bridge monitoring, displacement measurement is essential.

However, it remains challenging to accurately estimate bridge displacement.

When displacement is calculated by the double integration of acceleration, a

low-frequency drift appears in the estimated displacement. Displacement can

also be estimated from strains based on the Euler–Bernoulli beam theory.

However, prior knowledge of the mode shapes and the neutral axis location of

the target bridge are required for strain–displacement transformation. In this

study, we propose a finite impulse response filter-based displacement

estimation technique by fusing strain and acceleration measurements. First,

the relationship between displacement and strain is established, and the

parameter associated with this strain–displacement transformation is

estimated from strain and acceleration measurements using a recursive least

squares algorithm. Next, the low-frequency displacement estimated from the

strain measurements and the high-frequency displacement obtained from an

acceleration measurement are combined for high-fidelity displacement

estimation. The feasibility of the proposed technique was examined via a series

of numerical simulations, a lab-scale experiment, and a field test. The

uniqueness of this study lies in the fact that the displacement and the

unknown parameter in strain–displacement transformation are estimated

simultaneously and the accuracy of displacement estimation is improved in

comparison with those of previous data fusion techniques.
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1 | INTRODUCTION

Displacement plays a vital role in the monitoring and control of bridge structures as it provides crucial information
regarding the structural integrity and condition of the bridges.1–4 There are several sensing techniques wherein
displacement is directly measured, such as linear variable differential transformer (LVDT),5 laser Doppler vibrometer
(LDV),6 interferometric radar,7 real-time kinematic global navigation satellite system (RTK-GNSS),8 and vision-based
systems.9,10 LVDT requires an additional scaffold for operation, making it difficult to apply for large-scale structures.
Both LDV and interferometric radar are rather expensive and not applicable for long-term monitoring. RTK-GNSS has
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a limited accuracy of around 10 mm, and its sampling rate is only up to 20 Hz. While vision-based system can trace
displacement at multiple points, its accuracy is highly affected by light and weather conditions.

Efforts have been made to indirectly estimate displacement from the measurement of the physical quantities related
to displacement. For instance, acceleration is most widely used for displacement estimation.11–14 When displacement is
estimated via the double integration of acceleration, the estimated displacement can have a large, low-frequency drift
caused by unknown initial conditions and measurement noises. Although techniques have been suggested to suppress
such a low-frequency drift, the techniques often cannot tell the difference between actual structural responses and noise
in the same low-frequency band and the low-frequency structural displacement can often be suppressed.11,12 Progress
has also been made in strain-based displacement estimation techniques,15–20 including mode superposition
techniques,15,16 conjugate beam techniques,18,19 and curve fitting technique,20 but all these strain-based techniques
have low accuracy owing to their relatively large noise levels.

Data fusion techniques have been proposed for displacement estimation.21–25 These techniques combine multiple
measurements, such as RTK-GNSS, acceleration, strain, and vision, to produce more accurate displacement estimation.
However, the fusion of RTK-GNSS and acceleration does not work under GNSS-denied environments,21,22 the fusion of
vision and acceleration cannot operate at night,24 and the fusion of strain and acceleration needs to estimate a scale
factor for strain–displacement transformation and inaccurate estimation of the scale factor usually deteriorates
displacement estimation accuracy.25

In this study, an FIR filter-based displacement estimation technique is proposed for bridge structures by fusing
strain and acceleration measurements, and the proposed technique can estimate displacement with high accuracy even
in GNSS-denied conditions and dark areas. First, pure bending strains are extracted from strain measurements and then
transformed into displacement. Here, the mode shapes from a uniform simply supported beam, called assumed mode
shapes hereafter, are used in strain–displacement transformation, and a scale factor is included to compensate the
discrepancies between the assumed and true mode shapes. The value of the scale factor is estimated from the strain and
acceleration measurements using a recursive least squares (RLS) algorithm.26 Then, the low-frequency displacement
estimated from the strain measurements and the high-frequency displacement obtained from an acceleration
measurement are combined using the FIR filter for high-fidelity displacement estimation. The uniqueness of this study
lies in that (1) displacement can be estimated using strain and acceleration measured with different sampling rates,
(2) displacement and the unknown scale factor are estimated simultaneously, and (3) the accuracy of displacement
estimation is improved in comparison with those of previous data fusion techniques.

The paper is organized as follows. The proposed displacement estimation technique is formulated in Section 2. In
Section 3, the performance of the proposed technique is examined using numerical simulations of simply supported
beam models, and the effects of number and locations of strain gauges on displacement estimation accuracy are
investigated. In Section 4, a series of numerical simulations are conducted using beam models to demonstrate that the
scale factor can effectively compensate the error caused by the discrepancies between the assumed and true mode
shapes. In Section 5, an FE model of Jindo Grand Bridge in South Korea is used to validate the proposed technique by
extracting pure bending strains from strain measurements. Experimental validation using a fixed-fixed beam specimen
and a pedestrian bridge is provided in Section 6. The concluding remarks are given in Section 7.

2 | DEVELOPMENT OF FIR FILTER-BASED DISPLACEMENT ESTIMATION
TECHNIQUE

In this section, a displacement estimation technique using strain and acceleration measurements is developed. The
overview of the proposed technique is shown in Figure 1. First, strain measurements from multiple strain gauges are

FIGURE 1 Overview of the proposed displacement estimation technique
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transformed into the displacement. Because strain gauges usually have large noises, the transformed displacement has
low accuracy. An accelerometer is placed at the location where displacement needs to be estimated. Then, the accelera-
tion measurement and the transformed displacement from strain measurements are combined using an FIR filter and
an RLS algorithm.

2.1 | Strain–displacement transformation

A mode-based technique has been proposed to transform strain measurements into displacement.15 This technique
assumes that the bridge has a uniform cross-section and the measured strains are mainly due to bending. In reality,
most bridges have varying cross-sections and the strain measurement comprises pure bending and axial strains. In this
section, a strain–displacement transformation equation is established for bridges with varying cross-sections by
extracting pure bending strain from strain measurements. Note that the static displacement caused by dead loads such
as gravity and prestressing is not considered here since strain sensors will be installed after the complete of the bridge.

An Euler–Bernoulli beam model with varying cross-sections and subjected to vertical and axial loadings are shown
in Figure 2. Here, the strain at an arbitrary cross-section, ε(x,y,k), can be decomposed into uniform axial strain, εu(x,k),
and linearly varying bending strain, εb(x,y,k), as shown in Figure 3.27

ε x,y,kð Þ= εu x,kð Þ+ εb x,y,kð Þ, ð1Þ

where k represents the kth time step.
From the bending strain, the strain–displacement relationship can be express as

εb x,y,kð Þ= y
d2u x,kð Þ

dx2
, ð2Þ

where u is the vertical (y-directional) displacement of the beam. Assuming that two strain gauges are placed at different
heights of the cross-section, the relationship between the difference of the strains from two strain gauges, Δε, and dis-
placement is obtained as follows:

Δε x,kð Þ= h xð Þd
2u x,kð Þ
dx2

, ð3Þ

where h(x) is the vertical distance between two strain gauges.

FIGURE 2 Euler–Bernoulli beam subjected to both vertical and axial loadings

FIGURE 3 Decomposition of strain across the beam cross-section into uniform axial strain and pure bending strain
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According to a modal superposition method, u(x,k) can be expressed as follows:

u x,kð Þ=
XL
j=1

φj xð Þqj kð Þ, ð4Þ

where φj represents the jth mode shape, qj represents the jth modal response, and L is the number of modes considered.
Substituting Equation 4 into Equation 3, Δε(x,k) can also be expressed as the superposition of the modal responses.

Δε x,kð Þ= h xð Þ
XL
j=1

d2φj xð Þ
dx2

qj kð Þ: ð5Þ

Supposing that the strains are measured at multiple points (x = xi, i = 1, � � �, m), Equation 5 can be rewritten in a
matrix form

Δε kð Þ=HΦq kð Þ, ð6Þ

where

Δε kð Þ= Δε x1,kð Þ … Δε xm,kð Þ½ �T1×m, ð7Þ

q kð Þ= q1 kð Þ … qL kð Þ½ �T1×L, ð8Þ

Φ=

d2φ1 x1ð Þ
dx2

… d2φL x1ð Þ
dx2

..

. . .
. ..

.

d2φ1 xmð Þ
dx2

… d2φL xmð Þ
dx2

2
666664

3
777775
m×L

, ð9Þ

H=

h x1ð Þ … 0

..

. . .
. ..

.

0 … h xmð Þ

2
664

3
775
m×m

: ð10Þ

Then, the modal responses q(k) can be estimated from Equation 6.

q kð Þ= ΦTΦ
� �−1ΦTH−1Δε kð Þ: ð11Þ

Note that the number of strain measurement points, m, should be equal to or larger than the number of modes con-
sidered, L, to avoid rank deficiency of the matrix Φ. Introducing Equation 11 into Equation 4, the displacement at any
location x = xd can be represented as

u kð Þ=TH−1Δε kð Þ, ð12Þ

where

T=Ψ xdð Þ ΦTΦ
� �−1ΦT, ð13Þ

Ψ= φ1 xdð Þ … φL xdð Þ½ �1×L: ð14Þ
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To estimate displacement from strain measurement using Equation 12, a prior knowledge of the mode shapes is
required. In this study, the mode shapes from a simply-supported beam with a uniform cross-section is used to approxi-
mate matrix T. When a numerical model of the bridge is available, the mode shapes obtained from the numerical model
can also be used instead of the ones obtained from the simply supported beam to approximate matrix T. Then, a scale
factor α is introduced to compensate for the differences between the assumed mode shapes and true ones:

u kð Þ= 1
α kð ÞTaH−1Δε kð Þ: ð15Þ

Note that Ta is the approximation of matrix T. An RLS algorithm is developed in Section 2.3 to estimate the scale
factor α from the strain and acceleration measurements.

2.2 | Introduction to FIR filter-based displacement estimation

Lee et al. proposed an FIR filter-based technique to estimate displacement from acceleration measurement,11 and this
technique has been extended to allow for the fusion of acceleration and strain measurements for improved displace-
ment estimation.25 For the completeness of the study, the basic principle is summarized below. Note that it is assumed
that strain and acceleration are measured with the same sampling rate.

Provided that acceleration measurement and displacement estimation from strain measurements are available, an
error function Π{u*} is defined within a given time window [(k − N)Δt, (k + N)Δt] as follows:

Π u�ð Þ= 1
2

LaLcu
�−La Δtð Þ2aÞ�� ��2

2 +
λ2

2
u�−uk k22, ð16Þ

where u*, u, and a are the final displacement estimation vector [u*(k − N),u*(k − N + 1),� � �,u*(k + N)]T, vector of the
displacement transformed from strain measurements [u(k − N), u(k − N + 1), � � �, u(k + N)]T, and measured accelera-
tion vector [a(k − N + 1), a(k − N + 2), � � �, a(k + N − 1)]T, respectively. Δt is the time interval of measurements. �k k2
denotes the two-norm of a vector, La is a diagonal weighting matrix of the order (2N − 1) with all diagonal entries being
1 except the first and last entries, which are equal to 1=

ffiffiffi
2

p
, Lc is the second-order differential operator matrix based on

the discretized trapezoidal rule, and λ is the regularization factor defined as

λ=46:81 2N +1ð Þ−1:95, ð17Þ

where (2N + 1) is the number of time steps within the time window and is suggested to be

2N +1=
2:68
f 1Δt

, ð18Þ

where f1 is the first natural frequency of the target structure. More details can be found in Lee et al.11

Then, the final displacement estimation can be obtained by minimizing the error function Π{u*} with respect to u*,
and the least squares solution is given as

u� = Δtð Þ2 LTL+ λ2I
� �−1

LTLaa+ λ2 LTL+ λ2I
� �−1

u, ð19Þ

where L is LaLc. Although the displacement at each time step within the time window can be estimated using
Equation 19, the accuracy is highest at the center of the time window. Thus, an overlapping moving window technique
is adopted, and only the displacement estimated at the center of each time window is retained.

u� kð Þ=CHa+CLu, ð20Þ
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where CH is the (N + 1)th row of the matrix {(Δt)2(LTL + λ2I)−1LTLa} and is a combination of a double integrator and a
high-pass filter. CL is the (N + 1)th row of the matrix {λ2(LTL + λ2I)−1} and is a low-pass filter.11

It must be noted that aforementioned FIR filter cannot be directly applied to estimate displacement using strain and
acceleration measurements, due to the parameter associated with the strain–displacement transformation equation
(i.e., α in Equation 15) which needs to be estimated. Park et al. used the bellow equation to estimate the unknown
parameter:

α=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Sa f 1ð Þ=Ss f 1ð Þ

p
, ð21Þ

where Sa and Ss are the power spectral density (PSD) of the displacements estimated from strain measurements and the
acceleration measured, respectively.25 However, this technique has the following issues: (1) The parameter estimation
is performed before displacement estimation, and hence, it is not applicable when the unknown parameter is time vari-
ant. (2) The performance of this technique highly relies on the accuracy of the identified first natural frequency.

2.3 | Proposed displacement estimation technique by combining FIR filter and RLS
algorithm

Figure 4 presents the flowchart of the proposed displacement estimation technique using strain and acceleration mea-
sured with the same sampling rate.

Step 1: the strain differences Δε at multiple locations are transformed into the displacement, us,

Δε=

Δε x1,k−Nð Þ � � � Δε x1,k+Nð Þ
..
. . .

. ..
.

Δε xm,k−Nð Þ � � � Δε xm,k+Nð Þ

2
664

3
775
m× 2N +1ð Þ

, ð22Þ

FIGURE 4 Flowchart of the proposed displacement estimation technique using strain and acceleration measured with same sampling

frequency
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us = TaH−1Δε
� 	T

, ð23Þ

us = us k−Nð Þ,us k−N +1ð Þ, � � �,us k+Nð Þ½ �T1× 2N +1ð Þ: ð24Þ

Next, a low-pass filter, CL, is applied to the displacement, us, and a combination of a high-pass filter and double
integrator, CH, is applied to the acceleration measurement, a:

a= a k−N +1ð Þ,a k−N +2ð Þ, � � �,a k+N−1ð Þ½ �T1× 2N−1ð Þ: ð25Þ

Then, the low-frequency displacement from the strain measurements and the high-frequency displacement from
the acceleration measurement are estimated as follows:

uls kð Þ=CLus, ð26Þ

uha kð Þ=CHa: ð27Þ

Additionally, the high-frequency displacement from the strain measurements is obtained as follows:

uhs kð Þ= us kð Þ−uls kð Þ: ð28Þ

Step 2: α(k) is used to scale uhs kð Þ so that the amplitudes of uha and uhs can be similar at each time step:

uha kð Þ ≈ 1
α kð Þu

h
s kð Þ: ð29Þ

Indeed, the value of α(k) is estimated using an RLS algorithm,26

α kð Þ= α k−1ð Þ+ p kð Þuha kð Þ uhs kð Þ−uha kð Þα k−1ð Þ� �
, ð30Þ

p kð Þ= p k−1ð Þ
1+ p k−1ð Þ uha kð Þ� �2 : ð31Þ

The estimated α(k) is then used to scale the low-frequency displacement from the strain gauges, uls kð Þ, as well.
Step 3: the estimated displacement, u*(k), is obtained by combining scaled uls kð Þ and uha kð Þ.

u� kð Þ= 1
α kð Þu

l
s kð Þ+ uha kð Þ= 1

α kð ÞCL TaH−1Δε
� 	T

+CHa: ð32Þ

Note that uha kð Þ is used instead of 1
α kð Þu

h
s kð Þ because an accelerometer typically has a higher signal-to-noise ratio

(SNR) than that of a strain gauge, especially in the high-frequency range.
Typically, the sampling rate of the strain gauge is usually lower than that of the accelerometer. In such a case, the

transformed displacement form strain measurements is up-sampled by cubic spline interpolation to match the sampling
frequency to that of acceleration. Also, a fourth-order low-pass Butterworth filter with a cut-off frequency equal to
Nyquist frequency of strain measurements is applied to uhs kð Þ and uha kð Þ before the estimation of α(k).

An explanation describing how the fusion of strain and acceleration measurements improves the displacement
estimation accuracy is provided here. First, displacement is estimated from acceleration measurement via double inte-
gration. Because the double integration amplifies the measurement error particularly in the low-frequency band, a
high-pass filter is applied to suppress the low-frequency error. In fact, the proposed technique performs double
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integration and high-pass filtering simultaneously using CH. The issue here is that actual structural responses in the
low-frequency range are also removed by the aforementioned high-pass filter. To recover the low-frequency structural
responses, strain at multiple locations are measured and transformed into displacement. Then a low-pass filter, CL, is
applied to the strain-based displacement to retain only the low-frequency displacement. Finally, the low-frequency dis-
placement from strain and the high-frequency displacement from acceleration are combined after scaling to produce
the final displacement with improved accuracy.

3 | VALIDATION USING SIMPLY SUPPORTED BEAM MODEL

In this section, the proposed technique is validated by using a simply supported beam model subjected to three different
excitations. Besides, the effect of number and locations of strain gauges on displacement estimation is investigated.

3.1 | Model description

A simply supported beam model with a uniform cross-section is simulated using SAP2000, as shown in Figure 5. The
beam model has a length of 10 m and square cross-section of 120 mm × 120 mm. The strain gauges were placed at
locations A, B, and C, while an accelerometer was placed only at location B, as shown in Figure 5a. Note that two strain
gauges were installed at each cross-section as shown in Figure 5b.

Three different ground excitations are applied to the beam model, and the corresponding acceleration, strain, and
displacement responses are computed. First, a random ground excitation with a frequency band of 0–50 Hz is applied
(Excitation 1). Second, a combination of Excitation 1 and a low-frequency excitation below 0.1 Hz (Excitation 2) is
applied. Third, the aforementioned low-frequency input without any random input is applied (Excitation 3). Note that
Excitation 3 was obtained by taking the second derivative of a real bridge displacement with a scaling factor of 1/500.
The three excitation signals are shown in Figure 6.

The displacement and acceleration responses at point B and the strain responses at points A, B, and C are all com-
puted at a sampling rate of 100 Hz. Next, Gaussian noises are added to the acceleration and strain responses to simulate
measurement noises. As accelerometers usually have higher SNRs than those of strain gauges, the SNR is set to 10 for
strain responses and 20 for acceleration responses. The first natural frequency of this model is 1.75 Hz, so the time win-
dow size for the FIR filter is set to 153, according to Equation 18.

FIGURE 5 Uniform simply supported beam model: (a) dimensions and sensor layout, and (b) cross-section

FIGURE 6 Three ground excitation signals applied to the simply supported beam: (a) Excitation 1, (b) Excitation 2, and (c) Excitation 3
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3.2 | Displacement estimation results

Figure 7 presents the displacements estimated by the proposed technique and PSD technique.25 In the case of
Excitations 1 and 2, there is little difference between the displacements estimated by the two techniques as shown in
Figure 7a,b. In the case of Excitation 3, the proposed technique estimates displacement more precisely than the PSD
technique

The displacement estimation performance is compared in terms of the absolute peak value error (APVE) and nor-
malized root mean square error (NRMSE) defined as follows:

APVE %ð Þ=100
max uej jð Þ−max urj jð Þ

max urj jð Þ










, ð33Þ

NRMSE %ð Þ=100

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
ue−urð Þ2P
urð Þ2

s
, ð34Þ

where ur and ue denote the reference and estimated displacements, respectively.
The comparison results are summarized in Table 1. For Excitations 1, 2, and 3, the proposed technique reduces the

NRMSE by 1%, 24%, and 49%, respectively, compared to the PSD technique. The proposed technique also reduces APVE
by 25% and 69% compared to the PSD technique for Excitations 1 and 3, respectively. On the other hand, an increase of
26% in APVE is observed for Excitation 2.

In practice, the first natural frequency obtained from acceleration measurements or FEM model, f1,a, is used to
approximate f1 of a target structure. Here, the effect of the error in f1,a on displacement estimation accuracy is

FIGURE 7 Displacements estimated by the proposed technique and PSD technique25: (a) Excitation 1, (b) Excitation 2, and

(3) Excitation 3

TABLE 1 Comparison of

displacement estimation performance

between the proposed technique and

PSD technique

Excitations

Proposed technique PSD technique

APVE (%) NRMSE (%) APVE (%) NRMSE (%)

Excitation 1 2.77 12.92 3.71 13.03

Excitation 2 2.65 3.78 2.10 4.95

Excitation 3 1.45 2.74 4.62 5.79
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investigated when the beam is subjected to Excitation 2. The results are shown in Table 2 considering ±3% difference
between the actual natural frequency and the approximated one. The accuracy of the displacement estimated by the
PSD technique highly relies on the accuracy of f1,a, while that of the proposed technique is less sensitive to the accuracy
of f1,a.

3.3 | Effect of number and locations of strain gauges on displacement estimation

Here, the effects of the number of strain gauges and their locations on the displacement estimation accuracy are investi-
gated when the simply supported beam is subjected to Excitation 2. The sensor layout is shown in Figure 8.

First, the effect of the number of strain gauges is studied. The number of strain gauges is increased from 1 to 9, and
the corresponding displacement estimation errors are calculated, as shown in Table 3. Reductions of approximately
50% in both APVE and NRMSE values are observed when the strain gauge number increases from 1 to 3. Thereafter,
increasing the number of strain gauges continues to yield a reduction in APVE but no significant improvement in
NRMSE.

Next, the effect of the strain gauge locations is investigated using three strain gauges as shown in Table 4. In all
cases, the NRMSE remains at around 4%, and the APVE is always below 3%.

4 | VALIDATION USING BEAM MODELS WITH VARYING CROSS-SECTION
AND BOUNDARY CONDITIONS

In this section, a series of numerical simulation were conducted in SAP2000 to demonstrate that the use of the scale fac-
tor can effectively compensate for the discrepancies between the assumed and true mode shapes.

TABLE 2 The effect of error in the

identified first natural frequency on

displacement estimation accuracyf1,a (Hz) 2N+1

Proposed technique PSD technique

APVE (%) NRMSE (%) APVE (%) NRMSE (%)

1.7 (0.97f1) 157 2.44 3.90 3.02 7.36

1.73 (0.99f1) 155 2.60 3.83 2.85 6.31

1.75 (f1) 153 2.65 3.78 2.10 4.95

1.77 (1.01f1) 151 2.66 3.76 2.74 7.02

1.80 (1.03f1) 149 2.70 3.70 4.80 7.75

FIGURE 8 Sensor layout for investigating effect of number and locations of strain gauges on displacement estimation accuracy

TABLE 3 Effect of number of

strain gauges on displacement

estimation accuracy

# of strain gauges Strain gauge locations APVE (%) NRMSE (%)

1 5 4.80 8.18

3 2, 5, 8 2.65 3.77

5 2, 4, 5, 6, 8 1.89 3.66

7 2, 3, 4, 5, 6, 7, 8 0.50 3.56

9 1, 2, 3, 4, 5, 6, 7, 8, 9 0.82 3.56
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4.1 | Model description

Three simply supported beam models with varying cross-sections, in addition to four uniform beam models with differ-
ent cross-sections, spans, and boundary conditions, were created from previous simply supported beam model. The
dimensions of the models and sensor layouts are shown in Figures 9 and 10. Strain gauges were placed at locations A,
B, and C, while an accelerometer was placed only at location B, where the displacement needs to be estimated. Note
that two strain gauges were placed on the top and bottom surfaces of beams for each of cross-sections of locations A–C.
These beams were excited using Excitation 3 shown in Figure 6c. Time domain analyses were performed to compute
the acceleration, strain, and displacement responses. All the simulated responses were sampled at 100 Hz. For multi-
span beam models, it should be noted that the assumed mode shapes are applied only for the target span where the dis-
placement needs to be estimated.

4.2 | Displacement estimation results

Owing to variations in cross-sections and boundary conditions, large discrepancies can exist between the assumed and
true mode shapes for all seven models. An example is shown in Figure 11, where the first three mode shapes of model I
are compared with the assumed mode shapes.

The effect of the scaling factor on displacement estimation are summarized in Table 5. Noise-free measurements are
used here to clearly show the effect of the mode shape discrepancies on displacement estimation accuracy. Owing to
the discrepancies between the assumed and true mode shapes, large errors are produced in the displacements estimated
without using a scale factor. When the scale factor is employed to compensate for the errors, APVE and NRMSE are

TABLE 4 Effect of strain gauge

locations on displacement estimation

accuracy

Strain gauge locations APVE (%) NRMSE (%)

1, 5, 9 0.55 3.93

2, 5, 8 2.65 3.77

3, 5, 7 1.55 3.72

4, 5, 6 0.42 3.98

FIGURE 9 Three simply supported beam models with varying cross-sections

FIGURE 10 Four uniform cross-section beam models with different boundary conditions
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significantly reduced. However, the scale factor cannot fully remove the displacement estimation error even without
any measurement noise in the strain gauges and the accelerometer.

Next, Gaussian white noises were added to the simulated responses, and the SNR values for strain and acceleration
were set to 10 and 20, respectively. The APVE and NRMSE of the displacements estimated by proposed technique for
all seven models are summarized in Table 5. Both APVE and NRMSE values are below 2% and 3%, respectively.

5 | VALIDATION USING JINDO GRAND BRIDGE MODEL

In this section, an FE model of the Jindo Grand Bridge in South Korea was built using SAP2000 to examine the perfor-
mance of the proposed displacement estimation technique by extracting pure bending strain from strain measurements.
Besides, the effect of estimation location on displacement estimation accuracy is investigated.

5.1 | Model description

The Jindo Grand Bridge in South Korea is a three-span cable-stayed bridge composed of one 344-m-long main span and
two 70-m-long side spans. For simplicity, a beam model with a uniform circular cross-section and bending stiffness
equivalent to that of the actual bridge cross-section is used. The strain gauges were placed at locations A, B, C, D,
and E, as shown in Figure 12a, and two strain gauges at each cross-section were installed, as shown in Figure 12b.
Eleven accelerometers were placed at locations 1–11, as shown in Figure 12a. As before, the acceleration, strain, and
displacement responses are simulated when the model is subjected to Excitation 3, as shown in Figure 6c. The only dif-
ference is that the amplitude of Excitation 3 signal is scaled by 500 to generate a realistic displacement for this bridge
model. As the first natural frequency of this bridge is 0.43 Hz, the size of the time window for the FIR filter was set to
623, in accordance with Equation 18.

5.2 | Displacement estimation results

First, the displacement is estimated at location C using the strain measurements at locations A–E and a single accelera-
tion measurement at location C. The displacements estimated by the proposed technique and PSD technique are

FIGURE 11 Comparison of true and assumed mode shapes of model I: (a) first mode shape, (b) second mode shape, and (c) third mode

shape

TABLE 5 Accuracy comparison between the displacements estimated (1) without scale factor α, (2) with scale factor α, and (3) with

scale factor α and measurement noises

Model #

(1) Without scale factor (2) With scale factor (3) With scale factor and measurement noises

APVE (%) NRMSE (%) APVE (%) NRMSE (%) APVE (%) NRMSE (%)

I 40.56 46.75 0.57 0.74 1.02 1.69

II 24.17 25.63 1.10 1.54 1.56 2.04

III 18.43 5.61 0.15 0.15 0.76 2.69

IV 20.29 19.00 1.78 2.31 1.87 2.51

V 13.10 2.22 1.69 0.30 1.76 1.86

VI 19.86 4.73 1.56 0.65 1.74 2.4

VII 11.84 16.42 1.50 2.11 1.62 2.68
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compared in Figure 13 and Table 6. Compared to the PSD technique, the proposed technique reduces the APVE and
NRMSE to 15.53% and 16.17%, respectively. While strain measurements, which include uniform axial strain, are trans-
formed into the displacement in the PSD technique, only pure bending strain, extracted from strain measurements, are
transformed into displacement in the proposed technique.

Finally, the accelerometer is moved from location 1 to location 11 to estimate the displacement at those locations.
The displacement estimation accuracy at those location is shown in Figure 14. While the APVE and NRMSE are below
2% and 3%, respectively, for locations 2–10, these errors increase rapidly at locations 1 and 11. As locations 1 and 11 are
closer to the two supports than the other nine locations, the biggest discrepancy between the assumed and true mode
shapes appears at these two locations. Therefore, the largest errors are observed at these two locations.

6 | EXPERIMENTAL VALIDATION

6.1 | Laboratory test on a fixed-fixed beam model

A laboratory test was performed to validate the performance of the proposed technique using an 830-mm-long fixed–
fixed beam as shown in Figure 15. The beam consists of six steel elements, which are connected by bolts. The width
and thickness of the beam are 30 and 1 mm, respectively, except for the connection part between two steel elements,
the width and thickness of which are 70 and 2 mm, respectively. The dimensions of the steel elements are shown in
Figure 15b. Young's module of the beam is 200 GPa. Two resistance-type strain gauges FLA-1-11-1LJC (Figure 15e)
were installed on the top and bottom surfaces of the beam at locations A–C. Then, a triaxial MEMS accelerometer PCB-
3713B112G (Figure 15d) was installed at location D, where the displacement needs to be estimated. The reference dis-
placement was measured using a Polytech PSV-400-M4 laser Doppler vibrometer (LDV) (Figure 15c). The resolution of
the LDV is 0.5 pm for displacement.28 Two ends of the beam were fixed to a table using clampers.

FIGURE 12 Overview of finite element model of Jindo grand bridge in South Korea: (a) dimensions and sensor layout, and (b) cross-

section of beam model

FIGURE 13 Displacements estimated using the proposed technique and PSD technique

TABLE 6 Comparison of

displacement estimation accuracy
Proposed technique PSD technique

APVE (%) 1.90 7.60

NRMSE (%) 2.23 13.05
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The beam was manually excited by pushing and releasing the beam at multiple points. The sampling frequency of
strain and acceleration measurement was set to 100 Hz. The first natural frequency identified from acceleration mea-
surement is 7.8 Hz, so the time window size for the FIR filter is set to 35, according to Equation 18. The displacements
at location D estimated by the proposed technique and PSD technique are shown in Figure 16, and the corresponding
NRMSE and APVE are calculated in Table 7. Compared to the PSD technique, the proposed technique reduces RMSE
and maximum error by 20% and 30%, respectively.

Next, the displacement is estimated by using strain and acceleration measured with different sampling frequencies.
The sampling frequency of acceleration is fixed at 100 Hz while that of strain is decreased from 100 to 20 Hz. The dis-
placement estimation accuracy is summarized in Figure 17. Both APVE and NRMSE increase with the decrease of the
sampling frequency of strain measurements. Although the high-frequency component of strain measurements is not
used for final displacement estimation, it is necessary for the estimation of scale factor α. The strain measurements with
low sampling frequency fail to estimate the scale factor accurately and then cause a large error in the estimated
displacement.

6.2 | Field test on a pedestrian bridge

The performance of the proposed technique was further validated using data obtained a steel box-girder pedestrian
bridge in Daejeon, Korea. The bridge is 45 m long and 8 m wide, and it has a uniform cross-section throughout its
length. The experiment setup is shown in Figure 18. Three resistance-type strain gauges, FLA-5-11-1LJC, were installed
at locations A, B, and C (1/4, 1/2, and 3/4 span points, respectively), and a uniaxial force balance accelerometer,
EpiSensor ES-U2, was installed at location B, where the displacement was estimated. Strain data were wirelessly trans-
mitted using three wireless sensor nodes, SG-link-200, and a wireless gateway, WSDA-200-USB. The reference displace-
ment was measured using a Polytech RSV-150 laser Doppler vibrometer (LDV), which has a 0.3-nm resolution for
displacement measurement.29 All measurements were sampled at 128 Hz.

Figure 19 shows the recorded strain and acceleration responses at location B. For the first 0–33 s, the bridge was
excited by jumping of four people on the bridge. For the second 33–50 s, the response was measured under free

FIGURE 14 Comparison of displacement estimation accuracy at different locations: (a) APVE and (b) NRMSE

FIGURE 15 Experiment setup: (a) overview of the fixed–fixed beam and used sensors, (b) dimensions of steel element, (c) laser Doppler

vibrometer (LDV) for reference displacement measurement, (d) accelerometer, and (e) strain gauge
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vibration. The first natural frequency identified from the acceleration measurement was 2.13 Hz, and the excitation fre-
quency produced by jumping was 1.79 Hz.

The displacements of location B estimated by the proposed technique and PSD technique25 are compared in
Figure 20. The NRMSE errors of the proposed and PSD techniques are 10.28% and 12.04%, respectively. The proposed
technique reduces NRMSE by 14.62% compared to the PSD technique. Although the NRMSE is larger than 10% for both
techniques, the maximum error is only 0.32 and 0.40 mm for the proposed technique and PSD technique, respectively,
as shown in Figure 21. Because the bridge has a strong high-frequency vibration, displacements are mainly estimated
from acceleration measurement for both techniques. However, the difference between two techniques lies in the dis-
placement estimated from strain measurements, and only a slight improvement was achieved by the proposed tech-
nique compared to the PSD technique.

FIGURE 16 Displacements estimated using the proposed technique and PSD technique

TABLE 7 Comparison of

displacement estimation accuracy
Proposed technique PSD technique

APVE (%) 2.28 3.28

NRMSE (%) 3.64 4.57

FIGURE 17 Effect of sampling frequency of strain

measurements on displacement estimation accuracy

FIGURE 18 Experimental setup (a) overview of the pedestrian bridge, (b) strain gauge setup at locations A and C, and (c) strain gauge

and accelerometer setup at location B
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7 | CONCLUSIONS

In this study, a new displacement estimation technique for bridge structures is proposed by fusing acceleration
measurement from a single location and strain measurements from multiple locations. The performance of the
proposed displacement estimation technique was firstly validated through numerical simulations of beams with varying
cross-sections and boundary conditions and cable-stayed bridge models. The APVE and NRMSE of the estimated
displacement were less than 2% and 3%, respectively, for all the numerical simulations investigated in this study. Next,
the proposed technique was validated through a laboratory test using a fixed–fixed beam model, and the APVE and
NRMSE of the estimated displacement were equal to 2.28% and 3.64%, respectively. In addition, a field test was
conducted on a pedestrian bridge, and the maximum displacement error using the proposed technique was 0.32 mm.
The validation tests performed showed that the proposed technique can accurately estimate both low-frequency and
high-frequency displacements even with the discrepancy between the true and assumed mode shapes. Although the
discrepancy between the true and assumed mode shapes are partially compensated by the proposed technique, the
applicability of the proposed technique is inherently limited only to beam-like structures. Future work will focus on
examining the applicability of the proposed technique to other types of structures with the help of FEM modeling. In
such a case, the model shapes obtained from a FEM model can be used as the assumed mode shapes, improving the
displacement estimation accuracy.
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APPENDIX A: DERIVATION OF ERROR FUNCTION ΠE

When acceleration measurement is available, an error function ΠE(u*(t)) is defined within a given time window [T1, T2]
as follows11:

ΠE u� tð Þð Þ= 1
2

ðT2

T1

d2u� tð Þ
dt2

−a tð Þ
� �2

dt, ðA1Þ

where u* and a are the estimated displacement at the final stage and the measured acceleration, respectively. As �a is
measured with a constant time increment Δt, Equation A1 can be discretized using the trapezoidal rule with an odd
number of time steps:

ΠE u� kð Þð Þ= 1
2

 
1
2

au k−N +1ð Þ−a k−N +1ð Þf g2 + au k−N +2ð Þ−a k−N +2ð Þf g2

+ � � �+ au k+N−2ð Þ−a k+N−2ð Þf g2 + 1
2

au k+N−1ð Þ−a k+N−1ð Þf g2
!
,

ðA2Þ

where au(k) is the approximation of the second-order differential of u*(t) at kth time step and is calculated by the follow-
ing central difference method:

d2u� tð Þ
dt2






t= kΔt

≈ au kð Þ= u� k+1ð Þ−2u� kð Þ+ u� k−1ð Þ
Δtð Þ2 : ðA3Þ

Introducing Equation A3 to Equation A2, ΠE can be rewritten in a matrix form

ΠE u�ð Þ= 1
2

1

Δtð Þ2Lcu
�−�a

 !T

La
TLa

1

Δtð Þ2Lcu
�−�a

 !
=
1
2

1

Δtð Þ4 LaLcu
�− Δtð Þ2LaaÞ

�� ��2
2, ðA4Þ

where u* and a are the final displacement estimation vector [u*(k − N),u*(k − N+1),� � �,u*(k+N)]T and measured accel-
eration vector [a(k − N + 1), a(k − N + 2), � � �, a(k + N − 1)]T. Lc and La are defined as follows:

Lc =

1 −2 1

1 −2 1

. .
. . .

. . .
.

1 −2 1

1 −2 1

2
6666664

3
7777775
,La =

1ffiffiffi
2

p
1

. .
.

1
1ffiffiffi
2

p

2
66666666664

3
77777777775
, ðA5Þ

where the dimensions of Lc and La are (2N − 1) × (2N + 1), and (2N − 1) × (2N − 1), respectively. By minimizing
Equation A4 with respect to u*, the final estimated displacement can be estimated as follows:

u� = Δtð Þ2 LTL
� �−1

LTLaa, ðA6Þ

where L = LaLc. However, Equation A6 fails to yield a unique solution owing to the rank deficiency of Lc. Provided
that the displacement estimated from strain measurements is available, ΠE can be rewritten
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ΠE u�ð Þ= 1
2

LaLcu
�− Δtð Þ2LaaÞ

�� ��2
2 +

λ2

2
u�

−uk k22, ðA7Þ

where u is the vector of the displacement transformed from strain measurements [u(k − N), u(k − N + 1), � � �, u(k + N)]T

and λ is the regularization factor. By minimizing Equation A7 with respect to u*, the final estimated displacement can be
obtained as follows:

u� = Δtð Þ2 LTL+ λ2I
� �−1

LTLaa+ λ2 LTL+ λ2I
� �−1

u: ðA8Þ
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